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The charge distribution at the interface between two electrolytes is studied for the case of non-
vanishing ion fluxes. The analysis is an extension of the established Verwey-Niessen theory to non-
equilibrium situations. Applying matched asymptotic expansions for the region of the electric double 
layer and the bulk electrolytes, analytical expressions for the ion concentrations and the electrostatic 
potential are derived. It is found that the electric double layer is surprisingly stable. Even in cases 
where the applied electric field is so strong that it completely cancels the field of the charge clouds at 
the interface, two opposing space charge regions are formed. This phenomenon is qualitatively ex-
plained using a simple model incorporating ion partitioning and diffusive ion transport. Another nota-
ble phenomenon is that the interface acquires a net charge in the presence of an applied electric field, 
being of relevance for the hydrodynamic stability of interfacial flows. 
 
PACS numbers: 05.70.Np, 05.70.Ln, 68.05.Cf  
 
 
I. INTRODUCTION 
An electrolyte, being a dielectric medium in which 
ions are dissolved, can form an interface with a second 
immiscible electrolyte. Examples for immiscible elec-
trolytes are aqueous two-phase systems [1] or certain 
ionic liquids in water [2]. Born [3] was probably the 
first one to note that due to differences in electrostatic 
energy, ions are generally not equally distributed 
among the two phases. Rather than that, they partition 
over the phases and form an electric double layer 
(EDL), with space charge regions of opposite sign at 
the two sides of the interface. This situation is reminis-
cent of EDLs forming at the interface between a solid 
and a liquid owing to dissociation of surface groups or 
adsorption of ions, for the first time rigorously studied 
by Gouy and Chapman [4,5]. The scenario of a back-
to-back EDL at the interface between two electrolytes 
was first analyzed by Verwey and Niessen based on 
Gouy-Chapman theory [6], and was later extended to 
include ion adsorption at the interface [7,8]. More 
elaborate descriptions account for the finite width of 
the interface [9], or ionic/molecular interactions [10]. 
In the present work, the structure of an interface be-
tween two electrolytes is studied in a non-equilibrium 
situation. It is analyzed how the double-layer structure 
changes if the internal electric field, originating from 
the space-charge regions themselves, is superposed by 
an external field. At first sight this problem seems to be 
analogous to determining the charge and field distribu-
tion at a heterojunction between two semiconductors. 
At a pn junction two space charge regions of different 
signs are formed, and analyzing the response of such a 
system to an external electric field is a natural problem 
to study in semiconductor physics. For the latter, hy-
drodynamic models similar to the one in used in the 
present work have been applied [11], and some semi-
analytical solutions have been derived [12,13]. There 
are at least two major differences between correspond-
ing models for pn junctions and the approach taken 
here. First of all, when applying an external voltage to 
a pn junction, electrons being transported to the other 
side of the interface recombine with holes. By contrast, 
in electrolytes where ions are the charge carriers, re-
combination of anions with cations does usually not 
occur. Secondly, in semiconductors the spatial exten-
sion of the space charge region is often not large com-
pared with the mean-free path of electrons or holes 
which can be of the order of some ten nanometers at 
room temperature [14]. From the first argument it fol-
lows that in semiconductor devices the mechanism of 
charge transport is different from electrolytes. From the 
second argument it can be inferred that the applicabili-
ty of continuum transport equations for charge carriers 
is often questionable in semiconductors, whereas due 
to the very small mean-free path of ions in electrolytes, 
continuum models can usually be applied without con-
cern. 
The purpose of the present work is to extend the 
Verwey-Niessen theory [6] to non-equilibrium situa-
tions with electric current transport across the interface 
between two electrolytes. The article is structured as 
follows. In Sec. II, the mathematical model based on 
the Nernst-Planck equation is presented. In Sec. III an 
approximate analytical solution based on the method of 
matched asymptotic expansions is derived. Based on 
that solution, the electrostatic potential and charge 
distributions are presented in Sec. IV. The article 
closes with concluding remarks in Sec. V.       
 
II. MATHEMATICAL MODEL 
It is assumed that a flat interface of negligible thick-
ness between two immiscible electrolytes is located at
0X = . A translationally invariant system with no 
variations in the Y and Z directions, i.e. a one-
dimensional problem, is considered. To render the 
model problem as simple as possible, a system consist-
ing of two ion species, a cation with concentration
( )P X and charge q, and an anion with concentration 
( )N X and charge -q, is studied. The free energy of the 
ions (either the Gibbs or the Helmholtz free energy, 
depending on the constraints applied) is assumed to 
have the following form 
 
 ( ) ( )pF X q X= Ψ  (1) 
 ( ) ( ) ( )nF X q X Xμ= − Ψ + , (2) 
 
whereΨ is the electrostatic potential and μ the free 
energy of the cation in the absence of electric fields. 
According to this model, without electric field only the 
cation experiences a non-constant free energy. Unequal 
partitioning of the anion between the two phases is 
modeled via 
 
 ( ) ( )X Xμ μ θ+= , (3) 
 
whereθ is the Heaviside function. The problem is ana-
lyzed in a model domain [ , ]X L L∈ − in terms of non-
dimensional variables. A dimensionless coordinate is 
defined as /x X L= . The contributions to the free 
energy are nondimensionalized as 
 
 ,q
kT kT
μκ +Φ = Ψ = , (4) 
     
where k is the Boltzmann constant and T the absolute 
temperature. The concentrations are nondimensiona-
lized using a reference concentration C: 
 
 ,P Np n
C C
= = . (5) 
 
Furthermore, it is convenient to introduce dimension-
less ion flux densities via 
 
 ,p p n n
p n
L Lj J j J
CkT CkTν ν= = , (6) 
 
where ,p nν ν are the electrophoretic mobilities of the 
cations and anions. The ion concentrations and the 
electrostatic potential are determined from the Poisson 
and stationary Nernst-Planck equations. In dimension-
less variables, these equations read 
 
 2 0n pλ ′′Φ − + =  (7) 
 pp p j′ ′+ Φ = −  (8) 
 ( ) nn n jκ′ ′ ′− Φ − = , (9) 
 
where a dash denotes the derivative with respect to x. 
The dimensionless parameter 2 2/kT L q Cλ ε= meas-
ures the ratio of the Debye layer thickness and the 
spatial extension of the domain. It contains the dielec-
tric permittivity ε of the electrolyte. The ion flux densi-
ties pj and nj are constants of integration that are ob-
tained by integrating the original Nernst-Planck equa-
tions once. Eqs. (7), (8) and (9) constitute a system of 
nonlinear ordinary differential equations. The equili-
brium problem that can be solved following the ap-
proach of Verwey and Niessen [6] is recovered when 
0p nj j= = . In the following section the set of partial 
differential equations will be solved independently in 
the two sub-domains with 0x > and 0x < , whereupon 
the two solutions will be matched at the interface. 
While it needs to be assumed that ,p nν ν and ε are con-
stant in each sub-domain, these parameters are allowed 
to take different values in the two electrolytes. 
 
III. SOLUTION BASED ON MATCHED ASYMP-
TOTIC EXPANSIONS 
In this section it is described how an approximate 
analytical solution of Eqs. (7), (8) and (9) can be ob-
tained based on the method of matched asymptotic 
expansions. For that purpose, the problem is first con-
sidered in the interval (0,1]x∈ instead of the full inter-
val [ 1,1]x∈ − . An apparent choice of the expansion 
parameter for an asymptotic series isλ , since the ratio 
of the Debye layer thickness and the extension of the 
domain considered is usually a small number. Howev-
er, expanding the dependent variables of Eqs. (7), (8) 
and (9) as a power series inλ and maintaining the lead-
ing-order terms only gives a reasonable approximation 
in the “bulk” of the electrolyte, i.e. sufficiently far 
away from the point 0x = . Close to 0x = , the problem 
is dominated by the Debye layer and of singularly 
perturbed structure, meaning that the leading-order 
terms of the standard asymptotic series do no longer 
represent a meaningful approximation. Therefore, the 
problem domain is split up into a boundary-layer do-
main with x λ≈ and a bulk domain with x λ? , and the 
usual techniques of singular perturbation theory and 
matched asymptotic expansions are applied [15]. Spe-
cifically, in the bulk domain the dependent variables of 
the Poisson and Nernst-Planck equations are expanded 
as 
 
 (0) (1)( ) ( ) ( ) ...x x xλΘ = Θ + Θ + , (10) 
       
whereΘ stands for any of the three quantities ,p n and
Φ . In the boundary-layer domain, a scaled variable
/xξ λ= is introduced, and ,p n andΦ are regarded as 
functions of ξ . The corresponding asymptotic series is 
 
 (0) (1)( ) ( ) ( ) ...ξ ξ λ ξΘ = Θ + Θ + . (11) 
       
In other words, in Eq. (10), x is held fixed as 0λ → , 
whereas in Eq. (11)ξ is held fixed. The forms of the 
boundary-layer and the bulk solutions of the Poisson-
Nernst-Planck system have been derived in [16]. A 
uniformly valid solution is obtained by a suitable 
matching of the leading-order terms of the two asymp-
totic expansions. The boundary conditions for the do-
main (0,1]x∈ are 
 
 for 0 : , ,x p p n n V+ +→ = = Φ =  (12) 
 at 1: 1, 0x p n= = = Φ = . (13) 
 
The corresponding solution reads (to λΟ( ) in the ex-
pansions) 
 
(0) (0) 1( ) ( / ) ( ) ln( / )
2
x x x p n Vλ+ + + + +Φ = Ψ +Φ − −  (14) 
(0)( ) exp( ( / ) ) (1 )p x p x V x p nλ+ + + + += −Ψ + + −  (15) 
(0)( ) exp( ( / ) ) (1 )n x n x V x p nλ+ + + + += Ψ − + − , (16) 
 
with 
 
(0)
11 exp( 2 )
1( ) 2 ln
11 exp( 2 )
1
aa a n x
ax V
a a n x
a
+
+
+
⎛ − ⎞⎛ ⎞+ −⎜ ⎟⎜ ⎟+⎝ ⎠⎜ ⎟Ψ = + −⎜ ⎟− −⎜ ⎟+⎝ ⎠
 (17) 
(0) ( )
ln 1
1 ln( / ) 1
2 1ln
x
xx
p n
p n V
p n
+
+ +
+ +
+ +
Φ =
⎛ ⎞⎛ ⎞⎜ ⎟− +⎜ ⎟⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠= + −⎜ ⎟⎜ ⎟ ⎛ ⎞⎝ ⎠⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
, (18) 
 
where 1/ 4( / )a p n+ += . Since the analysis should allow  
considering different concentration levels at 1x = and 
1x = − , C in Eqs. (5) and (6) was replaced by C+ , and
λ by 2 2/kT L q Cλ ε+ + += , where ε+ is the (constant) 
dielectric permittivity for 0x > . Correspondingly, for 
0x < , the reference concentration is C − and λ is re-
placed by 2 2/kT L q Cλ ε− − −= . For that case the 
boundary conditions are 
 
 for 0 : , ,x p p n n U− −→ = = Φ =  (19) 
 at 1: 1, 0x p n= − = = Φ =  (20) 
 
The solution in the interval [ 1,0)x∈ − can then be writ-
ten as 
 
(0) (0) 1( ) ( / ) ( ) ln( / )
2
x x x p n Uλ− − − − −Φ = Ψ − +Φ − − −  (21) 
(0)( ) exp( ( / ) ) (1 )p x p x U x p nλ− − − − −= −Ψ − + − −  (22) 
(0)( ) exp( ( / ) ) (1 ),n x n x U x p nλ− − − − −= Ψ − − − −  (23) 
 
where (0) (0),− −Ψ Φ are obtained from (0) (0),+ +Ψ Φ by replac-
ing p+ with p− and n+ with n− . The two solutions in 
[ 1,0)x∈ − and (0,1]x∈ need to be matched at 0x = to 
form a solution valid in the full interval [ 1,1]− . By 
requiring that the electrostatic potential is continuous 
across the interface, the total voltage drop is obtained 
as U Vϕ = − . Besides C+ and C − , the only parameter 
that can be controlled externally is the total voltage 
drop. All other parameters, i.e. , , ,U V p n p+ + −+ and n−
need to be determined through the matching conditions 
at 0x = . These five parameters are fixed by the follow-
ing five conditions 
 
0 0 0 0
, exp( )
x x x x
p p n nτ κ τ+ − + −= = = == = −  (24) 
 0 00 0 ,p p n nx xx xj j j jτ σ τσ+ −+ − = == == =  (25) 
 
0 0x x+ −= =′ ′Φ = Φ , (26) 
 
where /C Cτ − += and / /p p n nσ ν ν ν ν− + − += = . The 
identical ratios of the electrophoretic mobilities for 
both types of ions follow if 
 
 ,
6 6p np n
q q
r r
ν νπη πη± ±± ±
−= = , (27) 
 
whereη± are the dynamic viscosities of the two electro-
lytes and ,p nr r the hydrodynamic radii of the ions.
0x
f += ( 0xf −= ) stands for 0, 0limx x f→ > ( 0, 0limx x f→ < ) . The 
factorsτ are due to the different reference concentra-
tions used for negative and positive x . The equations 
express that the ion flux densities and the cation con-
centrations are continuous at 0x = . The second identity 
in Eq. (24) expresses the local equilibrium in the pres-
ence of a step change in μ according to Eq. (3). In 
addition, since it is assumed that no charges are ad-
sorbed at the interface, the electric field is continuous 
at 0x = .  
Evaluating Eqs. (24) and (25) and keeping terms up 
to λΟ( ) , the ion concentrations at 0x = can be ex-
pressed viaU andV : 
 
 
2
ln2
ln( )
2
1exp( )
V U
r
p U
r
τ
ττσ
τσ τ
− +
−
⎛ ⎞+= − ⎜ ⎟⎜ ⎟+⎝ ⎠
 (28) 
 
2
ln ln2
ln( )
2
1exp( )
V U r
r
n U
r
τ
ττσ
τσ τ
− + +
−
⎛ ⎞+= ⎜ ⎟⎜ ⎟+⎝ ⎠
 (29) 
 ,p p n r nτ τ+ − + −= = , (30) 
 
with  
 
 exp( )r κ= − . (31) 
 
The two sides of Eq. (26) are evaluated as 
( ) ( )
( )0
1 2 ln 2 1 ln
lnx
p pp n V p n p n
n n
p n p n
λ
λ+
+ +
+ + + + + + +
+ +
=
+ + + + +
⎛ ⎞⎛ ⎞⎛ ⎞− + + −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠′Φ =  (32) 
( ) ( )
( )0
1 2 ln 2 1 ln
lnx
p pp n U p n p n
n n
p n p n
λ
λ−
− −
− − − − − − −
− −
=
− − − − −
⎛ ⎞⎛ ⎞⎛ ⎞− + + −⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠′Φ = − . (33) 
 
____________________________________________ 
After some rather tedious algebra, by requiring conti-
nuity of the electric field at the interface together with 
Eqs. (28) to (30), an equation can be derived express-
ingV as a function of the total voltage dropϕ : 
 
 ( )212ln 42V b b c⎛ ⎞= − + −⎜ ⎟⎝ ⎠  (34) 
 
with 
 
( )( ) ( )
( ) 2ln ln 1ln( ) 2
exp( ) 1 2 ln
2
2 (1 ) ln( )
1
r
r
b r r r
r
r r r
ϕ τ
τ
εϕ λ σ τ ϕε
σ τ ε στ τστ ε
+
−
−
+ +
−
+
−
= − − − +
⎛ ⎞+ ⎛ ⎞⎛ ⎞⎜ ⎟⋅ + +⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+ ⎝ ⎠⎝ ⎠⎝ ⎠
 (35) 
 
( ) 22 lnln( )
exp( ) 1
1
r
rr
c
r
ϕ
τσ τεϕ ε στ
ε
ε
+
+
−
+
−
⎛ ⎞+⎛ ⎞⎜ ⎟− +⎜ ⎟⎜ ⎟⎜ ⎟+⎝ ⎠⎝ ⎠= −
+
. (36) 
 
Via Eqs. (28) to (30), the parameters , , ,p n p n+ + − − are 
then fully determined. Using these expressions in Eqs. 
(14) to (16) and in Eqs. (21) to (23) results in analytical 
formulas for the ion concentrations and the electrostatic 
potential in a system of two immiscible electrolytes in 
the case of non-vanishing ion currents across the liq-
uid/liquid interface. As will be shown in the next sec-
tion, in the case of an equilibrium double layer it fol-
lows that 1/ rτ = . In this limit the exponents in Eqs. 
(28) and (29) become singular. However, the expres-
sion for the ion concentrations at the interface remain 
finite, with 
 
 
2 1
1 ln
2lim exp
r
V U r
p r V
rτ
σ
σ−→
⎛ ⎞⎛ ⎞− −⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟= − +⎜ ⎟+⎜ ⎟⎝ ⎠
 (37) 
 
2 1
1 ln
1 2lim exp
r
U V r
n V
r rτ
σ
σ−→
⎛ ⎞⎛ ⎞− +⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟= +⎜ ⎟+⎜ ⎟⎝ ⎠
. (38) 
 
IV. POTENTIAL AND CHARGE DISTRIBUTION 
Before analyzing the non-equilibrium case, the solu-
tion derived in the previous section will be compared to 
the Gouy-Chapman (GC) solution. For this and for the 
following ε ε+ −= and 1σ = will be assumed. The equi-
librium scenario is recovered be setting 0pj = and
0nj = in Eqs. (8) and (9). Furthermore, an infinite 
domain with L →∞ is considered. In that case, an exact 
solution is possible, without need to employ matched 
asymptotic expansions. U andV are uniquely deter-
mined by the boundary conditions at 1x = ± and the 
matching conditions at 0x = . The corresponding equa-
tions allow an analytical solution, resulting in 
  
 ln 1 tanh ,
4 2
U V Uκ κ⎛ ⎞⎛ ⎞= + = −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠  (39) 
 
The electrostatic potential is obtained as 
 
 
( )
1 exp( 2 / ) tanh( / 4)2 ln 0
1 exp( 2 / ) tanh( / 4)
1 exp( 2 / ) tanh( / 4)
2ln 0
1 exp( 2 / ) tanh( / 4)
x
x U x
x U
x V x
x V
λ
λ
λ
λ
−
−
+
+
Φ =
⎧ ⎛ ⎞+ <⎪ ⎜ ⎟⎜ ⎟−⎪ ⎝ ⎠⎨ ⎛ ⎞+ −⎪ >⎜ ⎟⎪ ⎜ ⎟− −⎝ ⎠⎩
. (40) 
 
The corresponding charge distributions follow from the 
Poisson equation, Eq. (7). It is worth noting that unlike 
in the non-equilibrium case, the concentration ratioτ
cannot take arbitrary values, but is fixed by Eqs. (8) 
and (9). This can be seen by integrating the equations 
once and evaluating them at the domain boundaries (
1x = ± ). It follows that  
 
 exp
2
κτ =  (41) 
      
The comparison between the GC and the general so-
lution and also the visualization of the charge and po-
tential distributions for the non-equilibrium case will 
be done in a model domain with 0.1λ− = . Withλ− be-
ing fixed, the Debye layer thickness in the positive half 
space varies according toλ τλ+ −= . Fig. 1 shows the 
corresponding charge distribution at the interface be-
tween the electrolytes for both types of models and 
different values ofκ . To provide a consistent normali-
zation of the charge for both negative and positive x , in 
this and the following ρ is non-dimensionalized using
C− as a concentration scale. Apparently, both data sets 
agree well, but with increasing values of κ some devia-
tions are found. The deviations result from the fact that 
the solution presented in the previous section is based 
on the leading terms of a series expansion inλ+ and λ− . 
When λ− is kept fixed, λ+ increases with increasingκ , 
making it less justified to neglect higher-order terms in 
the series expansion. The fact that the transition at
0x = does not appear sharp but exhibits a finite slope 
is solely due to the resolution chosen for plotting. 
 
 
 
FIG. 1. Comparison of the charge distributions at the inter-
face between two electrolytes obtained with the GC (sym-
bols) and the non-equilibrium model (lines). 
 
In the following, the charge and potential distribu-
tions obtained in the non-equilibrium case are ana-
lyzed. Fig. 2 shows the dimensionless concentrations 
(normalized with C− ) of positive and negative ions for 
5 GCV V= , 1τ = , and different values ofκ . GCV  de-
notes the value of V as obtained in the Gouy-Chapman 
model, cf. Eq. (39). The lines represent the results of 
the non-equilibrium model, the symbols data obtained 
from a numerical solution of the Nernst-Planck equa-
tion. For the latter Eqs. (7) to (9) were solved via the 
finite element method as implemented in the package 
COMSOL Multiphysics 3.5a (COMSOL AB, Stock-
holm, Sweden). The step change of the free energy, Eq. 
(3), was replaced with a smooth approximation, i.e. the 
Heaviside function was approximated by the logistic 
function 1( ) 1 tanh( )
2
xxδθ δ
⎛ ⎞= +⎜ ⎟⎝ ⎠ . The parameter 
410δ λ− ±= <<  was set small enough such that the 
results are unaffected by this choice at the length scales 
of interest. The domain [ ]{ }| 1,1x x∈ − was discretized 
using a non-uniform grid with a spacing varying be-
tween 10-3 at the edges and 10-7 in the center, using 
quadratic Lagrange elements for interpolating the trial 
functions. Dirichlet boundary conditions were applied 
for the concentrations according to Eqs. (13) and (20), 
while for the electrostatic potential difference the same 
valueU V− as in the analytical model was chosen.   
Apparently, the results of the non-equilibrium model 
agree very well with the numerical data. Unlike in the  
equilibrium case, there are now net electromigration 
and diffusive fluxes passing the interface between the 
electrolytes. The latter become apparent by the concen-
tration gradients of p and n outside the EDL. 
The non-equilibrium model does not rely on any as-
sumptions on the scale of the applied electric field, i.e. 
it should allow studying fields comparable those 
created by the EDL itself, of course neglecting addi-
tional effects that may come into play such as Joule 
heating. Fig. 3 shows the dependence of the electrostat-
ic potential and charge distributions onV , where the 
potential curves obtained for positive and negative x
have been shifted in such a way that ( 1) 0Φ − = and 
overall continuity is achieved. Variations inV translate 
to variations of the applied electric field. In Fig. 3 the 
electrostatic potential is displayed for 1τ κ= = and 
various values of V . The inset of the figure shows the 
potential in the close vicinity of the interface, for better 
visualization normalized in such a way that (0) 0Φ = . 
The corresponding charge distributions are shown in 
Fig. 4. It becomes apparent that for 10V = − and –5, 
the applied electric field is parallel to the field of the 
EDL, while for 1V = and 5 both fields are antiparallel. 
 
 
 
FIG. 2. Concentration profiles of the cations (squares) and 
anions (circles) for two different values ofκ . The symbols 
represent numerical results, the corresponding lines the re-
sults of the semi-analytical model. 
 
 
 
 
FIG. 3. Electrostatic potential distributions for various values 
of V . The inset shows the potential close to the interface. 
 
 Surprisingly, even when the electric field is such 
that it drags the charge clouds to the right and to the 
left of the interface apart instead of holding them to-
gether (as for 5V = ), the charge distribution across the 
interface is still qualitatively similar to the Gouy-
Chapman case, as apparent from Fig. 4. The structure 
of the EDL is not fundamentally changed, there is still 
an excess of positive charges at the right side of the 
interface and an excess of negative ones at the left.  
    
 
 
FIG. 4. Charge distribution across the interface for various 
values of V .      
 
 To qualitatively explain why the charge clouds stay 
intact even when the electric field provides no attrac-
tive force between the space charge regions, a simpli-
fied situation is considered. At a specific value ofV a 
point is reached where the applied field cancels the 
field due to the charge clouds. Referring to the inset of 
Fig. 3, this situation will occur at a value lying between  
1 and 5. Correspondingly, the case of a vanishing elec-
tric field in a finite region { | [ , ]}x x l lΩ = ∈ − around the 
interface is studied, whereΩ is large enough to contain 
the space charge regions and small enough to maintain 
the assumption of a vanishing electric field. With no 
electric field, the transport of ions is solely due to dif-
fusion. Since the ion fluxes are independent of x and 
diffusive fluxes are proportional to the local concentra-
tion gradients 
 
 
x l x l x l x l
P P N N K=− = =− =′ ′ ′ ′= = − = − ≡  (42) 
 
is required. For convenience, here the original and not 
the nondimensionalized concentration fields of Eq. (5) 
are used. The fact that the magnitudes of the anion and 
cation fluxes are identical follows from the assumption 
of equal transport coefficients for both types of ions. 
Furthermore, charge neutrality outside of the EDL 
requires that 
 
 ( ) ( ), ( ) ( )P l N l P l N l= − = − . (43) 
 
The solutions of the one-dimensional diffusion equa-
tion are simple linear functions, i.e.       
 
 0( )P x Kx P= + , (44) 
 0
0
0
( )
0
Kx N x
N x
Kx N x
−
+
− + ≤⎧= ⎨− + >⎩
. (45) 
 
As in Eq. (24), owing to the step change of the free 
energy of the anions at 0x = , the discontinuity of the 
concentration field is 
 
 0
0
N
r
N
+
−
= . (46) 
 
With the help of Eq. (43) it follows that 
 
 0 0
1 42 ,
1 1
r KlP Kl N
r r−
+= =− − . (47) 
 
This solution is consistent with overall charge neutrali-
ty, i.e. ( ) 0l
l
P N dx− − =∫ . The part of the EDL with 
positive x carries a charge of 
 
 ( ) 2
0
l
Q q P N dx Kl+ = − = −∫  (48) 
 
A situation with negligible electric field in the EDL 
occurs when the field due to the charges in the EDL is 
compensated by the external field. In the situation 
considered here, the corresponding external field must 
be in positive x -direction, causing a transport of ca-
tions in the same direction. For this reason, K in Eq. 
(44) has to be negative. Eq. (48) then shows that the 
charge on the right side of the interface is positive, 
balanced by a negative charge of equal magnitude on 
the left side. In other words, the overall distribution of 
charges remains qualitatively the same as in the equili-
brium case without external electric field. The consid-
erations above show that this is possible even without 
an electric field holding the charge clouds together. 
Instead, in that case the charge distribution is solely 
due to ion concentration profiles solving the stationary 
diffusion equation in combination with a step change 
of the free energy of the anions at 0x = . 
While in the simple model described above overall 
charge neutrality of the EDL is maintained, the non-
equilibrium model represented by Eqs. (14) to (16) and 
Eqs. (21) to (23) generally predicts that the interface 
carries a nonzero charge, i.e. the charges at both sides 
of the interface do not cancel. Regarding V andU as 
parameters, an analytical formula for the indefinite 
integral of ( ) ( )p x n x− can be derived. However, since
V andU are connected by a quite complex relationship 
(Eq. (34)) the analytical expression for ( )1
1
p n dx− −∫ .is 
not reproduced here, but the integral is evaluated nu-
merically.  
The results for the net charge of the interface are dis-
played in Fig. 5. The concentration ratioτ was fixed to 
the value obtained for the Gouy-Chapman case (Eq. 
(41)), andV andκ were varied. When GCV V= , the 
equilibrium EDL is recovered. For that case the Gouy-
Chapman model predicts a vanishing net charge, i.e. a 
perfect balance of the charges at both sides of the inter-
face. As apparent from Fig. 5, the non-equilibrium 
model reproduces that result. Apart from that, the net 
charge displays a linear variation withV , indicated by 
the excellent modeling of the data via linear functions. 
A similar linear behavior is also found for other values 
of the concentration ratioτ .   
 
 
 
FIG. 5. Net charge created at the interface as a function of V
for 1κ = (squares) and 0.5κ = (circles). The lines represent 
linear fits to the data.     
 
The results displayed in Fig. 5 show that interfaces 
between two electrolytes generally acquire a net charge 
when exposing them to a normal electric field. A com-
parison with the Gouy-Chapman case shows that this 
charge is significant: For 1κ = , at equilibrium each 
side of the interface carries a charge with a magnitude 
of ≈ 3.1∙10-2, and at 4 GCV V= the applied field generates 
about 10% of that value at the interface. At the inter-
face between two conductive media without a step 
change of the ionic free energy, a net charge only ac-
cumulates if the conductivities of the two media are 
different. However, when a free-energy jump exists, 
the point of zero charge is found in a situation (the 
equilibrium configuration) where the asymptotic ion 
concentrations in the two media are different. In gener-
al this means that the interfacial charge vanishes in a 
situation where the conductivities of the two electro-
lytes are different. Vice versa, the interface acquires a 
net charge in the case of equal conductivities.  
The charging is certainly of relevance for the fluid 
dynamics of liquid/liquid interfaces. The electrostatic 
force per unit area of the interface is equal to the 
charge per unit area times the electric field, resulting in 
significant forces that may trigger hydrodynamic insta-
bilities [17-19]. In addition, if the electric field has 
components tangential to the interface, an electroos-
motic flow may be created.      
 
V. SUMMARY AND CONCLUSIONS 
An analytical model describing the electrostatic po-
tential and ionic charge distribution across an interface 
between two electrolytes with an uneven partitioning of 
one of the ion species has been developed. The model 
addresses non-equilibrium scenarios with an electric 
field applied normal to the interface, creating  ionic 
currents. It is based on the Nernst-Planck equation, 
solved by the leading-order terms of matched asymp-
totic expansions in a small parameter, the ratio between 
the electric double layer thickness and the extension of 
the domain of interest. The model shows that even 
when the applied electric field exceeds the strength of 
the field produced by the EDL and causes a repulsion 
between the charge clouds, the qualitative structure of 
the charge distribution is still maintained. This can be 
explained in a scenario with a vanishing electric field at 
the interface, where the diffusive ion fluxes in combi-
nation with the boundary condition at the interface 
result in a charge separation qualitatively similar to the 
equilibrium case. Furthermore, interfaces between 
electrolytes can carry a significant charge in the pres-
ence of a normal electric field. This may cause hydro-
dynamic instabilities in liquid/liquid systems, for ex-
ample being relevant in microfluidic devices.    
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